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Quantum Phase Transition

Exactly solvable system
In Theoretical Physics, in general, we say that a system is exactly solvable, when its behaviour
and properties can be fully determined analytically, without any approximations, for all possible
conditions and parameters.
The system’s Hamiltonian can be diagonalized and its eigenvalues and eigenstates can be
explicitely computed.
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Ising 1D with transverse field

The model is described by the following Hamiltonian operator:

N—-1 N
— X X z
Hf—JE o‘,-o‘,-+1—2 ho?,
i=1 i=1

where h is an external transverse magnetic field, o7 is a spin of i-th fermion in 2 direction.
0% =1, when a spin of i-th fermion is pointing along 2 and o7 = —1, when a spin of the i-th
fermion is pointing in the opposite direction to 2.
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The model can be solved analytically by mapping to the free fermions through Jordan-Wigner
transformation:

j—1
(O'JX + IUJ}-/) = O'j— = (—o%) cjT
k=1
j—1
<0'JX — /ij) =0, = H (=0%) ¢
k=1
z _ 1
o; = 1-— 2cj for
(i} =4

{aj.*,a,.—} =gy, for i = j, but for i#j {aj,o,—} # 6
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Ising 1D with transverse field

In J-W fermions basis H would have the form:

A= —JNZ_:l (CITC,'+1 + ciy16i + h.c.) + hXN: (2cI.Tc,- - 1)

i=1 i=1
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Ising 1D with transverse field

In J-W fermions basis H would have the form:

A= fJNil (cl.TcH_l + ciyic + h.c.) + h% <2c;rc,- — 1)
i=1 i=

Then we can change the basis of our Hilbert space and move to momentum space by Fourier
Transform:

eim/4 .
= —— 2 :Ckelkn
N k

In new basis Hamiltonian would be:
A= 22 (h — Jeos(k)) (clck — c,kcik) — 2Jsin(k) (chik — c,kck)
k
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Let's define a fermionic two-component spinor:

0=(3). 4= (e

2(h— Jcosk) 2Jsin k }
K

Gt
Hk—"’k[ 2Jsin k —2(h — Jcos k)
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Transform:
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In new basis Hamiltonian would be:
A= 22 (h — Jeos(k)) (clck — c,kcik) — 2Jsin(k) (chik — c,kck>
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Let's define a fermionic two-component spinor:

0=(3). 4= (e

2(h — Jcosk) 2Jsink v
2Jsin k —2(h—Jcosk)| K

The Bogoliubov rotation leads us to diagonal for of H:

H=> e ('y;f'yk - 1/2) . ek = 2Jy/(h— cos k)2 + sin k2
k

szwl[
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1D lIsing model with long-range interactions

Let's add to our system long range interactions of spin-spin which decay as r%, a>1:

Z Zha

I#J

Our Hamiltonian becomes non-local and because of that J-W transformation would not give us a
quadratic H in free fermionic operators. The system is no longer exactly solvable. In this case we
relly on numerical techniques such as quantum Monte Carlo, or tensor-networks-based methods.
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2D Ising model. Onsager's solution

The system’s Hamiltonian for 2D Ising model without transverse field:

Hop = —J Z 0i0;j

<ij>

Exactly solvable system

In theory of equilibrium statistical mechanics, the canonical partition function Z(8) contains all
the information needed to recover the thermodynamical properties of a system with fixed number
of particles, immersed in a heat bath.

Z(ﬁ) — Z —BH(o) Z H eBloio;

o o <ij>
The operator T is called transfer matrix:
T = eﬁja,-crj
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The system’s Hamiltonian for 2D Ising model without transverse field:

Hop = —J Z 0i0;j

<ij>

Exactly solvable system

In theory of equilibrium statistical mechanics, the canonical partition function Z(8) contains all
the information needed to recover the thermodynamical properties of a system with fixed number
of particles, immersed in a heat bath.

Z(ﬁ) — Z —BH(o) Z H eBloio;

o o <ij>
The operator T is called transfer matrix:
T = eﬁja,-crj

o the largest eigenvalue of T corresponds to the free energy,
o the corresponding eigenvector provides information about the thermodynamic properties of
the system, such as the magnetization and correlation functions.
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2D Kitaev model

Model has spin-1/2 operators on a 2D honeycomb lattice with isotropic couplings between
nearest neighbours. The energy operator is given by:

_ X X X Y Y Y z _z _Z
H= > (J o105, + L og 07+ C",/‘Tj,m)
Jj+I=even

L . e L

LI IZ II Iz
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L . e L

) =

-
‘,G .
x
e—8
[=)]

Each plaquette posseses a conserved quantity:
W = o) o3030, 0804

We can see that W is hermitian, W2 = Id and all W commute with each other and with H.
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2D Kitaev model

Model has spin-1/2 operators on a 2D honeycomb lattice with isotropic couplings between
nearest neighbours. The energy operator is given by:

_ X X X Y Y Y z _z _Z
H= > (J T35, T L0500 g+ U’,/Uj,l+1)

Jj+I=even

J-W transform is defined as:

i1
ap = o%| o%(c%) for even (odd) spins
ni=—o00
a—1
bz = 0% | o%(oL) for even (odd) spins
Ai=—o0

From this it follows that:
o‘foé ~ aibo Wi WoWs...

The J-W transformation gives us quadratic A in fermionic operators:
H=iY" [JnibﬁanL v+ Ibaa g + J;b,;aﬁ]
i

where:

- V3. 3. - V3. 3.
My= Y274 28 My= 252
1= 5tk 2= 5y
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Thank you for your attention!
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